OCU-PHYS 207 
hep-th/0610092l 



New Example of Infinite Family of 
Quiver Gauge Theories 



Takeshi Oota \ and Yukinori Yasui* 

t Osaka City University Advanced Mathematical Institute ( OCAMI) 
3-3-138 Sugimoto,Sumiyoshi, Osaka 558-8585, JAPAN 

Department of Mathematics and Physics, Graduate School of Science, 

Osaka City University 
3-3-138 Sugimoto,Sumiyoshi, Osaka 558-8585, JAPAN 



Abstract 

We construct a new infinite family of quiver gauge theories which blow down to 
the X p ' q quiver gauge theories found by Hanany, Kazakopoulos and Wecht. This 
family includes a quiver gauge theory for the third del Pezzo surface. We show, 
using Z-minimaization, that these theories generically have irrational R-charges. 
The AdS/CFT correspondence implies that the dual geometries are irregular toric 
Sasaki-Einstein manifolds, although we do not know the explicit metrics. 
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1 Introduction 



D3-branes at the tip of Calabi-Yau cones have been extensively studied. The correspond- 
ing IIB supergravity solution in the near horizon limit takes the form AdS$ x X5, where 
X 5 is a five dimensional Sasaki-Einstein manifold. In dimension five, simply-connected 
regular Sasaki-Einstein manifolds are classified [1.. Indeed we have S 5 , T 1,1 and the total 
space Sk of the circle bundles Sk —> dPk (3 < k < 8) where dPk is a del Pezzo surface with 
a Kahler Einstein metric. It is known that Sk is diffeomorphic to the k-fold connected 
sum §k(S 2 x S 3 ). Recently, an infinite family of irregular toric Sasaki-Einstein manifolds 
Y p ' q with topology S 2 x S 3 was constructed [3 El- Especially, Y 2 ' 1 is the horizon of 
the complex cone over the first del Pezzo surface dP\. Also, the existence of irregular 
toric Sasaki- Einstein manifolds X p,q ~ (S 2 x S 3 )$(S 2 x S 3 ) which blow down to Y v,q and 
yp.?-i Iqj Higgsing was conjectured in j^. These are considered to be extension of the 
Sasaki-Einstein manifold X 2,1 over the second del Pezzo surface dP2§\. For other new 
Sasaki-Einstein manifolds see [HI El El and also 0. 

The AdS/CFT correspondence states that IIB string theory on AdS$ x X 5 is dual to a 
four-dimensional M = 1 quiver gauge theory. Given a toric Sasaki-Einstein manifold, one 
can determine the corresponding quiver gauge theory by using the brane tiling (dimer) 
construction [ini [TT1 [T^l H31 US UHl HZl HH1- In Figures 1, 2 and 3 , we present some 
data of quiver gauge theories for the del Pezzo surfaces dPk (k = 1,2,3), corresponding 
to Y 2 ' 1 , X 2 ' 1 and Si [IHl EDI EH E2J EH1 EH ESI EEl EH EHl EHl E01- These quiver theories 
have been extended to the general F M [HUE2] and X p ' q theories jH E3 Ell- 
in this paper we construct an infinite family of Af = 1 quiver gauge theories which blow 
down to X p ' q . This construction generalizes the dP% quiver gauge theory, corresponding 
to 5*i = Z 2 ' 1 . The dual geometries are irregular toric Sasaki-Einstein manifolds which 
are diffeomorphic to §3(S 2 x S* 3 ). We denote as Z p,q assuming they exist. It should be 
mentioned that the existence of Z p ' q was suggested in a recent paper [35J. 

In section 2 we describe the brane tiling construction of the Z p,q theories. The explicit 
examples are given in Figures 5-14. In section 3 we determine the -R-charges for these 
theories by using Z-minimaization. 

2 Un-Higgsing X p,q 

The brane tiling for X p ' q was given in [33]. We use the convention of jHH] for the brane 
tiling. Some data for the X p,q quiver gauge theory are summarized in Figure 4. We take 
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n — 2q — 1, m — p — q, j — 1, 2, . . . , q — 1 and k — n + l,n + 2, . . . ,n + m — 1. Then, the 
brane tiling contains 2q — l hexagons and p — g + 1 cut hexagons. The Ri + Ri+i + • • • on 
edges represent /^-charges: at every vertex the sum of i?-charges is 2 and for every face 
the sum of .R-charges is equal to the number of edges minus 2. 

We can un-Higgs X p ' q to Z p ' q by cutting the i-th hexagon horizontally (1 < % < n). 
This procedure introduces one new edge with weight — w~ l which connects the (i + 2)-th 
white node and the i-th black node. If we replace at (i + 2, i) element of the Kasteleyn 
matrix for X p,q with — u> -1 , we obtain the Kasteleyn matrix for Z p,q . The determinant is 
modified to contain the term i-u;^ 1 ^, which corresponds to an additional node (see next 
section for details): 

V 6 = (l,w 6 ), w 6 = (2,1). (2.1) 
The perfect matchings which correspond to the node (2, 1) are given by 
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The matrices (i — 1, 2, • • • , n) have non-zero elements K a i at the edges o — • connected 
by bold lines (see Figures 7, 10, 12 and 14), and the values are decided according to 
a rule of the Kasteleyn matrix. The charge Rq is added to the corresponding edges. 
The contents of the minimal toric phase are summarized as follows: 
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Here N g represents the number of gauge groups, Nf the number of bifundamental 
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fields, N\y the number of the interaction terms in the superpotential. These correspond 
to the numbers of faces, edges and nodes on the brane tiling, respectively. 

In the following we describe the brane tiling construction of the Z 3,1 and Z 3 ' 2 theories 
explicitly. 



2.1 Z 3 ' 1 



The brane tiling for X 3 ' 1 is given by Figure 5. In this case, there is only one hexagon 
that we can put a cut in. We have drawn the resulting brane tiling for Z 3,1 in Figure 6 
together with the corresponding quiver diagram and toric diagram. The perfect matching 
in Figure 7 is given by the matrix 
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(2.3) 



2.2 Z 3 ' 2 

The brane tiling for X 3 ' 2 is given by Figure 8. In this case we have three types of cuttings 
corresponding to three hexagons. These lead to different brane tilings and quiver diagrams 
for Z 3 ' 2 , although their toric diagrams are equivalent, as shown in Figures 8-14. 
The superpotentials contain the terms with the following degree: 
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These provide an examp 

SUES EH- 



e of toric duality and are connected by Seiberg duality [EH 
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3 Z-minimization 



The toric diagram for Z p ' q can be obtained by adding one vertex to the toric diagram for 
X p ' q , as shown in Figures 15 and 16. The six vectors V\ = (l,Wi) for Z p,q are written as 

iui = (l,p), w 2 = (0,p- q+ 1), iu 3 = (0,p-g), 

w 4 = (l,0), w 5 = (2,0), ^ 6 = (2,1), (3.1) 

where p and g are integers with < g < p. Let us determine the Reeb vector b = (3,x,y) 
for Z p,q using the method of [36J, Z-minimization. Then, we obtain x = 3 and the 
remaining component y is given by a root of the polynomial 

P( y ) = 2y z - 9pqy 2 - 9p 2 {2p - 3q)y + 27p 3 {p - q). (3.2) 

This polynomial has three real roots y = yi (i = 1, 2, 3). By P(0) = 27p 3 (p — q) > and 
P(3p) = -27p 3 (p + q - 2) < they satisfy ?/i < < y 2 < 3p < y 3 . We find that the 
correct root is a middle one y 2 , which is explicitly given by 

V2 = ^ - 3pvV-2g + (4/3)pcos (3.3) 
where the angle 6 (0 < 9 < n/2) is calculated as 



tan# = . . y - ° (3.4) 

(q-l)(q 2 -2q + 2p) V ; 

with 

64 4 

P = ^P 3 + ^P 2 (q + 1)(<Z - 3) - 4pg(g - 2) - g 2 (g - 2) 2 . (3.5) 

The R-charges can be computed from volumes of certain calibrated submanifolds Sj in 

Z p ' q : 

Ri = 77^7, 3.6 

3vol(ZP> q y v ; 

where 

= (hT^VVhVV 2 V = (3.7) 
(6, Vi)(6, Vi, V i+1 ) 6 



i=i 



Explicitly we have the following volumes 



2(p + q-2)n 2 2vr 

^0/(2^1) = — — , VOl{h 2 ) = VOi(L, 6 ) 



(3p-y 2 ) 2 ' ' 3{3p-y 2 )' 

2n2 \ 2(p-g )7r 2 

— , vol(E 4 ) = 2" 

3y 2 j/2 



voZ(E 3 ) = voZ(£ B ) = — , vol{E 4 ) = ^ - ^ (3i 



5 



and 



vol(Z^) - V- Vg + 6pgy 2 -2|/ 2 2 3 

VOl{ )_ Sy 2 (3p-y 2 ) 2 ■ (3 ' 9) 



It should be noticed that* 



l>^>>«>.... (3.10) 



This implies the inequality of the central charge 



ir 3 N 2 N 2 . . 

> -r, ( 3 - n ) 



4wo/(ZP' < ?) 4 

where A" is the number of D3-branes and N 2 /4 the central charge of M = 4 Yang-Mills 
theory. 

The root y 2 ()3.3j) is generically an irrational number and hence Z p,l? are irregular Sasaki- 
Einstein manifolds. As a special case we have a rational number y 2 = 3p/2 for 5 = 1. For 
the toric diagram with six external lines, the third homology is given by H-$(Z p,q ) = Z 3 [4 . 
It turns out that from the work of Smale[37| Z p ' q must be diffeomorphic to §3(S 2 x S 3 ) >. 

The cone of a Sasaki-Einstein manifold is Ricci-flat Kahler, i.e, Calabi-Yau. As de- 
scribed in |3f)j . the cone metric in the symplectic coordinates is given by a symplectic 
potential. We found that for Y p,q the symplectic potential takes very simple form [311] ■ At 
present the Sasaki-Einstein metrics on X p,q and Z p,q are not constructed or even proved 
to exist for generic integers p and q. It is expected that the symplectic approach can be 
useful to study these metrics. 

Before concluding this paper, we comment on the the generating function / for the 
single-trace gauge invariant operators jJOJE]- I n the notation of j3U], the toric diagram 
for Z p,q is obtained by adding the point (1, 1, 1) to the one for X p ' q . One more triangle 
with vertices (1,0,1), (1,1,1) and (0,p, 1) gives a new term to the generating function 
(see eq.(3.22) and the next equation of |4T)j). 

/(*, y, z- Z p > q ) = f(x, y, z; X™) + 1 — . (3. 12) 

Taking the limit 



z p J \ xJ \ x p 1 y 



V(b) = limt 3 /(e" bl ', e~ b2 \ e" M ; Z p ' q ) (3.13) 



*We calculate as vol(Z p,1 )/n 3 = 8(2p— l)/(27p 2 ) < 1, and the successive inequalities can be evaluated 
by perturbation. 

Tin it has been shown that tt3(S' 2 x S 3 ) admits an infinite family of non-regular Sasaki-Einstein 
structures. We do not know whether Z p ' q are equivalent to those. 
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we have 

-(p - l)fei + p6 



1 {b) 6 1 6 2 (6 1 - 6 3 )((p-l)6i + 6 2 -p6 3 ) 

(p- 1)61+1*3 , 314 . 



61(61 + 63) ((p - #1 + 6 2 )((g - l)6i - 6 2 + p6 3 ) 

which reproduces the volume vol(Z p ' q )/ir 3 for the Reeb vector (61,62,63) = (0,7/2)3). 
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Figure 1: Toric diagram, quiver diagram and brane tiling for dP\. 
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Figure 2: Toric diagram, quiver diagram (model II) and brane tiling (model II) for dP 2 . 





Figure 4: Brane tiling for X p,q . 
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;ure 5: Toric diagram, quiver diagram and brane tiling for X 3 ' 1 
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Figure 6: Toric diagram, quiver diagram and brane tiling for Z 3 ' 1 . 



15 




16 




Figure 8: Toric diagram, quiver diagram and brane tiling for X 3 ' 2 . 
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Figure 9: Toric diagram, quiver diagram and brane tiling for Z 3 ' 2 (case 1). 
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;ure 10: The perfect matching and the i?-charge assignment for Z 3 ' 2 (case 
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Figure 11: Toric diagram, quiver diagram and brane tiling for Z 3 ' 2 (case 2). 
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Figure 12: The perfect matching and the i?-charge assignment for Z 3 ' 2 (case 
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Figure 13: Toric diagram, quiver diagram and brane tiling for Z 3 ' 2 (case 
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Figure 14: The perfect matching and the i?-charge assignment for Z 3 ' 2 (case 
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